In the present paper, among the other things, for a large family of topological semigroups namely, foundation semigroup S, we study the question of whether a closed subspace of LU C(S) *
Introduction
Throughout this paper S will denote a topological semigroup, i.e., S is a semigroup with a topology such that the map (x, y) → xy from S × S into S is continuous, when S × S has the product topology.
Recall that on a locally compact Hausdorff topological semigroup S, M a (S) denotes the space of all measures μ ∈ M(S) (the space of all bounded complex Radon measures on S) for which the mappings x → |μ| * δ x and x → δ x * |μ| from S into M(S) are weakly continuous. A topological semigroup S is called a foundation semigroup if {supp μ; μ ∈ M a (S)} is dense in S.
Recall that, for any Banach algebra A we denote by A * and A * * its first dual and second dual, respectively. The first Arens multiplication on A * * is defined in three steps as follows.
For a, b in A, f in A * and F, G in A * * , the elements f a, F f of A * and GF of A * * are defined by
Let LUC(S) denote the closed subspace of bounded left uniformly continuous functions on S, we have shown in [8] 
S). LUC(S)
* is a Banach algebra with the Arens multiplication. Further results on foundation semigroup may be found in ( [1] , [3] , [5] and [12] ).
Main Results
Let 
Theorem 2.1 Let S be a foundation Hausdorff locally compact topological semigroup with identity. Then a closed subspace I in M a (S) is a left ideal if and only if it is invariant under each
Proof. Let I be a closed subspace in M a (S). Suppose first that I is a left ideal and μ ∈ I. Let x ∈ S, and let (e α ) α∈D be a bounded approximate identity in M a (S) [9] . Since M a (S) is an ideal in M(S) [5] ,
whenever α ∈ D. On the other hand, δ x * e α * μ → δ x * μ in the norm topology, and so δ x * μ ∈ I. This shows that I is invariant under each L x , x ∈ S.
To prove the converse, let μ ∈ I and let ν be a probability measure in M a (S). We will show that ν * μ ∈ I. We assume to the contrary that ν * μ is not in the closed subspace I. Part (b) of the separation Theorem 3.4 in [13] shows that there exist f ∈ M a (S) * and γ ∈ R such that,
whenever x ∈ S. By Theorem 3.27 in [13] , we have
This is a contradiction. The proof is now complete. In recent years there has been shown considerable interest by harmonic analysts in the ideal problem of L 1 (G), LUC(S) * and L 1 (G) * * of a locally compact group G (see [2] , [6] , [7] and [9] ). It seems to the author that the ideal problem of corresponding algebras of topological semigroups has not been touched so far. The following Theorem is indeed a main result of this paper.
Theorem 2.2 Let S be a foundation Hausdorff locally compact topological semigroup with identity. If I is a σ(LUC(S) * , LUC(S))-closed subspace of LUC(S)
* invariant under all L * *
x , then I is a left ideal. Proof. Suppose that I is a σ(LUC(S) * , LUC(S))-closed subspace of LUC(S) *
invariant under all L * * x , and let F ∈ I, μ ∈ M a (S). We first prove that μF ∈ I. If μF is not in the closed subspace I, then there exists f ∈ LUC(S) such that μF, f = 1 but L * * x (F ), f = 0 for every x ∈ S (see Theorem 3.5 in [13] ). Consequently, F, L *
This implies that L *
This is a contradiction. Thus μF ∈ I for any μ ∈ M a (S).
Let
* , LUC(S))-topology. By assumption, we have GF ∈ I. So I is a left ideal in LUC(S) * .
Theorem 2.3 If I is a right ideal in
Proof. If I is a right ideal in M a (S) * * and x ∈ S, then R * *
, where E is a right identity for M a (S) * * . For any f ∈ M a (S) * , and any μ, ν ∈ M a (S),
On the other hand,
Thus R * * x (F ) = F R * * x (E) ∈ I as asserted.
A topological semigroup S is called compactly cancellative if CD −1 and C −1 D are compact subsets of S for every two compact subsets C and D of S, where
In the following Theorem we will show that LUC(S) * has a closed subspace which is invariant under R * * x for all x ∈ S and which is neither a left nor a right ideal.
Theorem 2.4 Let S be a foundation Hausdorff compactly cancellative topological semigroup with identity. If S is not discrete, there exists a closed subspace of LUC(S)
* which is invariant under R * * x for all x ∈ S and which is neither a left nor a right ideal.
Proof. Let S be a non compact semigroup. M a (S) is clearly invariant under R * * x for each x ∈ S and which is neither a left nor a right ideal by Corollary 4 in [11] . Now, we may suppose that S is compact. We have LUC(S) * = M(S). Clearly M(S) has a closed subspace which is neither a left nor a right ideal. The proof is now complete.
